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Abstract. Starting from a canonical quantum field theory model and imposing invariance
of the theory under a group, acting nonlinearly on the fields, a group-invariant energy-
momentum tensor of the Sugawara form is constructed which is free of ambiguities due to
factor ordering and has the required properties.

1. Introduction

In order to quantize a system with derivative coupling such as occurs for example in
chiral theories or gravitational theories, the ordering of noncommuting variables has
to be taken into account.

Charap (1973) has shown for a quantum-mechanical model of a system of massless,
pseudoscalar mesons, that imposing chiral invariance is sufficient to completely remove
the ambiguities associated with the ordering of factors. Further, the resulting hamil-
tonian is unique and of the charge—charge form. This suggests that the corresponding
quantum field theory might have a canonical energy-momentum tensor of the
current—current form as in Sugawara’s (1968) field theory of currents.

In § 2, the classical field theory is briefly discussed and then in the next section the
corresponding quantum field theory. Invariance of the system under a group G acting
nonlinearly on the fields is imposed in § 4 and this requirement is sufficient to remove
the factor-ordering ambiguities. The canonical energy-momentum tensor T** is
discussed in the final section. It is unique, group invariant and of the current-current
form. Furthermore, it is locally conserved, satisfies the condition of Schwinger (1963)
and the generators of space-time translations and rotations constructed from T**
satisfy the Poincaré algebra.

Unlike in the original Sugawara model, there is no parity doubling, but the diffi-
culties of interpretation due to products of operators at the same space-time point are
still present.

2. Classical field theory

Consider the lagrangian density L(¢, d,¢) of the form
L = 10,0%(x)2.5(¢(x))3*¢*(x) 2.1)
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where the g,; are, as yet unspecified, functions of the multiplet of spinless fields ¢*(x)
(0=12...m; x=x*=(xx', x2 x*) = (¢, x), and without loss of generality the
matrix g,; may be taken symmetrical.

Each field ¢%(x) may be associated with a Lorentz four-vector m%(x) given by

mi(x) = OL/0(0,¢"(x)) (2.2)
which, for the lagrangian density (2.1), gives
Tl = g,,0%¢". 2.3)

In order to construct a hamiltonian density H(¢, V¢, n, Vr) (2.2) must be solvable
for 8°¢* as a function of n, = =g, which from (2.3) means the determinant of g,, must be
nonzero, or equivalently that the symmetric differential form

ds® = g,,d¢* d¢? (2.4

defines a pseudo-riemannian metric on the manifold M, parametrized by the fields ¢
It is further assumed that this form is positive definite and so defines a riemannian
metric.

Now consider the action of a compact, semi-simple Lie group G, with generators
F(a=1,2,...n), on the fields ¢*. Then associated with the infinitesimal local trans-
formation

#*(x) = ¢°(x)+ Q. f*(P) (2.5)
of the fields, are the Noether current densities #%#(x) with
Fh = —mfe (2.6)

The Q, are infinitesimal gauge parameters and the f*%(¢) some functions of the fields,
which satisfy the group laws.

If, further, G is an invariance group of the system, the current densities are conserved
and the form (2.4) becomes a group invariant metric on the manifold M, satisfying
Killing’s equations, which may be written

f“”,yg” +faa’ygﬂw _jmygauff’y =0 (2.7a)
or equivalently
S 8pyat S 8yt /™ 18ap = 0 (2.7b)

where {|g*#|| is the matrix inverse of |g,,| and f*  denotes 3f*//¢".

If the action of the group G on the manifold M is linear, then Killing’s equation
(2.7a) implies that g*f is a second-rank group tensor. However, when the action of the
group is nonlinear, the solutions g*# are

g = ve, foftt (2.8a)
where v is an arbitrary constant and ||e,,| is the matrix inverse of | ¢*®|| given by
eab = facdfbdc (28b)

(in a particular basis, the canonical Cartan basis, e,, ~ J,,). The f*°_ are the structure
constants of the Lie algebra of the group G.
The canonical energy—momentum tensor density T**, defined for spinless fields as

T =m0 ¢~ L 2.9)
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where n*" is the space-time metric with signature (1, — 1, — I, — 1), may now be written
T* = v e, f™ FPH0k0; — 3 n,,). (2.10)
Finally, the equations of motion are
ot = ~1n,.8" ;4w (2.11q)
or
O¢?+TE0,°04¢" = 0 (2.11b)
with the Christoffel symbol I'4, in (2.11b) defined by

ng = %gaﬂ(gé 7.']+ g&y,a - gay,&)-

3. Quantum field theory

To obtain the quantum analogue of the classical system described in the previous
section, the canonical equal-time commutation relations

[¢%(x), ¢*(»)] = O (3.1a)
[na(x)a ng()’) =0 (31b)
[9%(x), mp(y)] =16%0°(x — ) (3.1¢9)

are imposed, where ¢*(x), m4(y) are now hermitian operators.

The dynamics is specified by giving the form of the hamiltonian density operator.
This is formally taken over from the classical theory, except that now the ordering of
the noncommuting factors has to be taken into account. Thus H is taken to be of the form

H = %{7’[1, {nﬂ’ gaﬁ}} +—%{na’ ua} +v +%gwak¢aak¢ﬁ (32)

where k takes the values 1, 2,3. In (3.2) all possible orderings have been allowed for
and the u* and v are arbitrary functions of the fields ¢*. If u* and v are real functions,
H is hermitian and furthermore if g*# is the same function of the fields as in the classical
case, and if 4* and v tend to zero with Planck’s constant then H is a suitable quantum
analogue of the corresponding classical hamiltonian density H,

Hc = _li(ﬂaguﬂnﬁ + gaﬂak¢aak¢ﬂ)'
The Heisenberg equations of motion are
0°¢* = 3{ny, g%} +u (3.3)
and
8°na = —-é-{ﬂﬂ’ {nv’ gﬂv.a}} —%{TL’/}, uﬁ,a} —UVa— %(gay,ﬁ + 8pay — gyﬁ,a) ak(ﬁﬁakdﬂ-
Inverting (3.3) gives
Ty = 3{8up> °FP} — 1, (3.4)
where

U, = g, U, (3.5
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Consider now the action of a compact, semi-simple group G on the fields ¢*. Thus,
there is a set of generators F* with the algebra

(Fo F] = if®F (3.6)

where the f%°, are the ¢ number structure constants of the algebra and the generators
are assumed to arise from local current densities ,#°°(x) (see beginning of § 4)

Fo(t) = f d3x #°%(x). (3.7)

Following the same procedure as for constructing the hamiltonian density (3.2), #°(x)
is taken to have the form

FO = —Hr, [+ (3.8)

where the [° are some functions of the fields which tend to zero with Planck’s constant.
The action of the group on the fields ¢* and conjugate momenta n, can now be
determined. From (3.1) and (3.8)

LFx), ¢(0)] = if ()3 (x — )
and using (3.7)

[F% ¢*(y)] = 1/ (). (3.9)
The compatibility of (3.6) and (3.9} is embodied in the Jacobi identity for F°, F® and
¢ which gives

faafba,g—fbﬂfaa,g — fabcfm' (3.10)
Similarly

[Fa» nﬂ(y)] = __l{na?fua’ ﬂ} +1 la

so that the group action is linear on the momenta n,. The Jacobi identity for F¢, F?
and =, now implies

fmlb’a _fbala,a = fabClC. (311)
Also from (3.8) and (3.11)
LF°x), £2°)] = if . F 0 (x ~y) (3.12)

which is compatible with (3.6).

4. Invariance

The system is now assumed to be invariant under the action of the group G
[F,P*]=0 (4.1)

where the P* are the space-time translation operators. Thus F* has the form (3.7) and
the associated Lorentz four-vector current densities #“/(x) are locally conserved.
Imposing this latter condition gives the requirement

[H(x), 0] = —18™M(x)355%(x —p) 4.2)
where 0; denotes differentiation with respect to the argument x in the delta function,
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Explicit calculation of the left-hand side of (4.2) using (3.2) and (3.8) gives
[H(X), jao(y)] = - i53(x _y) [é{nz’ {7'[1;, Kadﬂ}} + %{nz ’ Kaa} + Ka]

+1f%g,, X PO (x —p) (4.3)
where

Kb = fob_guiy fox gby_ fargsh (4.4a)

Ko = fo yb _fobyp _g*ips (4.4b)

K® = 3% g% (630) /"t ,— o ut (4:40)

Imposing (4.2} and identifying, by analogy with the classical expression {2.6),
FU = g0t (45)

(see (5.12) far the justification of this) requires all the functions K to vanish.

Solving for each of the equations (4.4a), (4.4b) and (4.4c) in that order for g*, u*
and v respectively and assuming the action of G is nonlinear on the fields (see (2.84)
and (2.8b)) then

gt =ve, fofet (2.8a)
W= —vey, [P (4.6a)
v= %V eab{lalb+%faa,ﬁfbﬂ,z(53(0))2}- (4.6b)

5. The energy—-momentum tensor

Substituting now the expressions (2.8) and (4.6) for g*/, u* and v in that for the hamiltonian
density (3.2) and then using (3.8) and (4.5) for ,#°° and #°* respectively, the hamiltonian
density may be written

T = H = ive, (#°°¢°° + #°. 7). (5.1

All the operators are hermitian and v e,,, is positive definite so that H is a positive semi-
definite operator as required.
An expression for the energy-momentum tensor may now be found from {3.1)

™ = ‘%V eab{jaxs jw‘} (5ﬁ 5;‘1'—%’7‘”’71(/1) (52)

and this now has to be shown to have the correct properties, in order to be taken as the
energy—momentum tensor.
First, from (5.2) Schwinger’s (1963) condition may be seen to be satisfied

[T%x), T°%)] = —i(T*%(x)+ T3> (x - ). (5.3)

Then with the usual definitions

Pé = f d3xT%(x) (5.4)

J¥ =J d2x(x*T%(x) — x' T*(x)) (5:3)
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the following relations hold:
[P 4" (»)] = —i %)
¥, " )] = —i(y* &'9*(y)—y' 8“¢%(»))

so that P* and J¥ are the infinitesimal generators for three-dimensional translations
and rotations respectively. Also from (5.4) and (5.5)

[P P =0 (5.60)
[Pk, J!m] = _i(akle_ékal) (56b)
[JK, ™) = —i(§immk — ghm Jin 4 ginphm — gkn g, (5.6¢)

These relations (5.6) together with Schwinger’s condition (5.3) then guarantee the
Poincaré invariance of the system.

Using Killing’s equations (2.7b) and the expressions for the currents (3.8) and (4.5)
and the identity

f(x) 8% 8 (x—y) = f(y) 8% 8*(x —y)+ 8 (x—p) & f () (5.7
the current algebra of the system is

LFx), £PO()] = if 05 (x —y) (3.12)

LFx), £ )] = if *, F46%(x — y) —iS®(y)0%03(x — y) (5.8)

[F(x), £ ()] = 0
where the ¢ number Schwinger term $° in (5.8) is given by

Sab — f““gapf"”. (5.9)
In fact, the algebra of currents and Schwinger terms closes

L7 (x), $*(»)] = 0

LF7%x), S™()] = i(f 8% + f*,S*)5*(x —y)
where the relation

Sab’afcaz = fmdsdb +fcbdsda

has been used.
Also using in addition equation (3.4a) for u* it is easy to see that

FHx) = Jvea{S*(x), £(x)} (5.10)
and

0“7(x) = —veu{FH(x), fP(x)}. (5.11)
Inverting (5.11) using (5.10) gives

I = =5 ["8ep, 0“0} (5.12)

which shows that for the choice of current components (3.8) and (4.5) #°%(x) is a Lorentz
four-vector. Direct calculation using (5.12), (3.10) and (2.7b) now gives

HFF -0 g = 3 IV, I (5.13)
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Now from the expression (5.2) for T
0,T" = ve, {74, 0* #* —&° #*} (5.14)

and substituting (5.13) and using (5.10) and symmetry arguments, the right-hand side of
(5.14) vanishes so that T*" is locally conserved. Thus T*' as given by (5.2) has the
properties required of an energy—-momentum tensor. In addition, T*" is easily checked
to be group invariant and the only ambiguity in T* once given the transformation
law (3.9) is in the functions /. However, changing the functions I is equivalent to per-
forming the unitary transformation

F0x) = €77 (x) N0 (5.15)

on the solutions #°(x) of (3.12) and thus on T*" as given by (5.2). So, up to a unitary
transformation, the group invariant energy-momentum tensor is unique. In (5.15)

Mn=f&wm

for some function u of the fields, such that 4, = u, and
jao = _%{na,faa}'

This means, in particular that, after a suitable unitary transformation, the hamiltonian
density (3.2) may be written

H = %{ﬂa’ {TE{;, gaﬁ}} +%gaﬂak¢aak¢ﬁ+%veabfaa,ﬁfbﬁ,u(és(o))2~
The presence of the final term involving (§3(0)) has been noted previously by Dowker
and Mayes (1971) and Suzuki and Hattori (1972) (see the discussion in Charap (1973)
however).

Finally, the parity-doubling objections of Dashen and Frishman (1969) are removed
in this model since the Schwinger terms are ¢ numbers and T§" = T since

ea{ R IR} = el U AT}
where the suffixes R and L refer to T being expressed entirely in terms of right #§(x)

or left #9%(x) chiral currents respectively and defined as one half the sum and one half
the difference of the usual vector and axial vector currents.
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